Two problems of laminar-forced convection in pipes and channels, under fully developed conditions, are solved for an imposed constant temperature at the wall, with fluids obeying the simplified Phan-Thien-Tanner (SPTT) model. The fluid properties are taken as constants and axial conduction is negligible. The first case represents the asymptotic behaviour of the Graetz problem for the SPTT fluid, i.e., equilibrium between axial convection and radial conduction of thermal energy with negligible viscous dissipation. The solution is given by an analytical expression but it is only approximate (within 0.3%) as it was obtained with an algebraic method based on successive approximations. The second problem has an exact analytical solution representing the equilibrium between viscous dissipation and radial heat conduction, with negligible axial convection and a constant wall temperature. Ó
Introduction
The simplified Phan-Thien-Tanner (SPTT) constitutive equation is a reduced version of the full PTT model of Phan-Thien and Tanner [1] , which was derived from considerations of network theory and is given by Eq. (1) . The simplification involved is to consider only affine motions of the polymer molecules relative to the continuum, with the consequence that the parameter n, that quantifies the slip velocity between the molecular network and the continuum medium, must be set to zero.
In Eq. (1) s r stands for Oldroyd's upper convected derivative of the stress tensor s, as defined by Eq. (2), k is a relaxation time, g is a viscosity coefficient and D is the rate of strain tensor.
The stress-coefficient function Y is related to the rate of destruction of junctions in the molecular network and can be decoupled as 
where T is the temperature and tr s is the trace of the stress tensor s. Following Phan-Thien [2] the function /ðT Þ is arbitrarily set to unity at the reference temperature at which the material parameters of the model are determined, but here we generalise this assumption and so we do not consider thermal effects on the stress coefficient function Y.
The stress-dependent part of the stress-coefficient function has the exponential form:
which can be linearised as:
International Journal of Heat and Mass Transfer 45 (2002) 1413-1423 www.elsevier.com/locate/ijhmt when the factor in brackets is small. This linearisation is adequate when the molecular deformation is small as in weak flows, following Tanner's [3] classification. According to this criteria, the pipe flow that is analysed here is a weak flow, i.e. it has a very limited amount of extensional molecular deformation and so Eq. (5) results in values in close agreement to those given by Eq. (4) . The pipe flow is a shear-dominated flow for which most nonlinear models, such as the SPTT model, provide accurate descriptions of shear properties of polymer melts, as demonstrated by Peters et al. [4] . The exception here is the failure of SPTT to predict a non-zero second normal stress difference, which is proportional to n in the full PTT model, but N 2 is totally irrelevant to the hydrodynamics of the fully developed pipe and channel flows and therefore is not considered. In Eq. (5) e is a parameter related to the elongational behaviour of the model. It imposes an upper limit to the elongational viscosity that is proportional to the inverse of e [5, p. 227] , and the upper-convected Maxwell model, which has an unbounded elongational viscosity in simple extensional flow, is recovered when e ¼ 0.
The SPTT fluid is shear-thinning because of the term involving e in the stress-coefficient function Y ðtr sÞ, provided e is not too small. The degree of shear-thinning is not so accentuated as in the full PTT model, but the introduction of a nonzero n is problematic because it causes a maximum shear stress in the rheogram. In fact, and according to Larson [6] , by adopting the Gordon-Schowalter derivative (i.e. by having n 6 ¼ 0) the full PTT model inherits the problems of the Johnson-Segalman model, one of them being the maximum in the flow curve as shown by Alves et al. [7] .
The analytical hydrodynamic solutions of the SPTT pipe and channel flows were derived by Oliveira and Pinho [8] who subsequently performed the analysis of the corresponding heat transfer problem for imposed constant wall heat flux [9] . In this latter work, due account has been taken of the effect of viscous dissipation, which is important for very viscous polymer melts, and as example of a very useful result for polymer processing was the determination of the axial variation of bulk temperature in the adiabatic regime [10] (obtained by setting _w ¼ 0 or Br ¼ 1 in Eq. (28) of [9] ). This was found to depend on the pressure gradient exactly as a Newtonian fluid, i.e., the adiabatic regime for a SPTT fluid is independent of viscoelasticity.
The present work extends the analysis of Pinho and Oliveira [9] to other relevant thermally fully developed asymptotic cases in duct (pipe or channel) with an imposed constant wall temperature: (1) the equilibrium between viscous dissipation and radial conduction, and (2) the equilibrium of axial convection with radial conduction in the absence of viscous dissipation. The solution of the first problem is exact and both temperature profiles and Nusselt number expressions are given. The solution for the Nusselt number in the second problem is analytical but it is only approximate as it was obtained with a successive approximation method. It represents the limiting Nusselt number at long duct distances for the Graetz problem of the SPTT fluid. This second solution turns out to be rather more complex than that for the imposed wall heat flux case. In polymer injection and extrusion the polymer melts flow at high temperature and are subject to various heat transfer processes. The quality of the final product depends on the ability to avoid hot spots and instabilities during the manufacturing process, and this requires careful control of heat transfer and temperature profiles [11] , as well as of the hydrodynamics in order to avoid undesirable effects such as spurt [12] .
Polymer melt flows in industry are characterised by very low Reynolds numbers (of the order of 10 À3 -10 À5 ) and high Prandtl numbers (10 6 -10 8 ), thus leading to a very fast hydrodynamic flow development but rather slow thermal development. This combination yields a Peclet number (Pe PrRe) of the order of 3000 and it is known that full thermal development for Newtonian fluids, under conditions of hydrodynamic fully developed flow, requires normalised lengths (length/transverse size) of 0.05Pe [13] . In extrusion heads the length of the parallel zone is well shorter than this critical length, but it is located at the end of a long, slightly tapered, duct where the flow is likely to be close to being thermal and hydrodynamic fully developed. In fact, in the downstream half of long tapered ducts the fully developed solution may also be a good approximation to the true prevailing conditions.
In the following section the problem is formulated, the hydrodynamic solution is presented and the analytical procedure required to solve the heat transfer problem, with constant wall temperature, is outlined. In Section 3, the solutions obtained under the two asymptotic assumptions are presented and discussed for the pipe flow case. Before closure, the corresponding solutions for the channel flow are given without details in Section 4.
Formulation of the problem

Fluid model and assumptions
Following the simplifications to the full PTT model described in the previous section, the fluid model under investigation is
with s r given by Eq. (2).
The flow is assumed to be steady and laminar, under fully developed hydrodynamic and fully developed thermal conditions. The fluid properties are taken as constant and so no dependence of properties and model parameters on temperature will be considered. The boundary condition is that of an imposed constant temperature at the duct walls, T w . Two flow geometries are considered, namely the plane case (channel flow) and the axisymmetric case (pipe flow), but the details of the derivation are given only for the pipe flow. At the end of the paper the solution for the channel flow is presented without further comments.
Since polymer melts and concentrated polymer solutions are very viscous and the industrial flows frequently involve large velocity gradients, viscous dissipation effects will be considered in part of the analysis.
We further make the simplifying assumption of isotropic thermal and thermodynamic properties, although it is known that they are anisotropic due to their intimate relation to molecular structure. Consideration of property isotropy is fairly close to reality because, as the polymer melts, its chains tend towards random configurations after some characteristic time of the fluid. In this respect we follow previous heat transfer work relevant to polymer melts cited by Agassant et al. [10] , Tadmor and Gogos [11] and Bird et al. [14] , who showed that consideration of property isotropy did not seriously affected the results.
It is further assumed that Fourier's law of heat conduction is valid and that the internal energy and thermal conductivity do not depend explicitly on the velocity gradient or other kinematic quantities. For dilute polymer solutions there is some evidence that thermal conductivity may depend weakly on shear rate [15] With the above assumptions the hydrodynamic and thermal problems become fully decoupled. The hydrodynamic solution is presented first, followed by the solution for the thermal problem, which is the focus of the present work.
Hydrodynamic solution
The hydrodynamic solution for the pipe flow was derived by Oliveira and Pinho [8] who arrived at the following velocity profile:
The non-dimensional group We ¼ kU =R is the Weissenberg number, a measure of the level of elasticity in the fluid and is based on the cross-sectional average velocity U for the PTT fluid. U N is the average velocity for a Newtonian fluid flowing under the same pressure gradient dp=dx
and was shown to be given by:
The radial profiles of the shear stress s xr and the corresponding shear rate du=dr are also needed:
It will be convenient for the foregoing analysis to define a modified non-dimensional group as
which gives a measures of both the extensional and the elastic properties of the fluid. It should be recalled here from the hydrodynamic solution [8] that normal stresses will depend directly on We and inversely on some power of eWe 2 , whereas the shear stress will depend exclusively on eWe 2 . The dependence on We is solely a normal stress effect but the dependence on eWe 2 combines a normal stress effect with the elongational parameter, and this combination imparts a shear-thinning behaviour to the viscosity function. It is in this context that the expression shear-thinning is used henceforth in the paper when referencing to the effect of eWe 2 .
Heat transfer procedure
The equation to be solved is the energy transport equation for the axisymmetric flow case with viscous dissipation, but without internal heat sources and negligible axial conduction:
where k, q and c stand for the thermal conductivity, density and specific heat of the fluid and U is the dissipation function. For the pipe flow this dissipation function involves only the shear stress and shear rate,
The temperature T depends on the radial (r) and axial positions (x) and u stands for the axial velocity component. The relevant boundary conditions are symmetry at the axis:
and an imposed constant temperature at the wall
Next, we non-dimensionalise Eq. (13) by scaling lengths with the pipe radius ðr Ã r=R, x Ã x=RÞ, velocity with the average velocity ðu Ã u=UÞ and temperature as
where T T i represents the bulk temperature at the inlet. The resulting dimensionless energy equation is
which expresses the so-called Graetz problem extended to account for viscous dissipation [16] . In Eq. (18) the Peclet number Pe is defined by
and the Brinkman number Br (following the original definition of Dryden, see [16] ), by:
For Newtonian fluids the solution of Eq. (18) requires transformation of variables followed by such techniques as separation of variables or L e evê eque analysis, and was obtained by Brinkman [18] and Ou and Cheng [19] , amongst others (see also [14, Chapter 5] and [20] ). For the SPTT fluid, the solution of Eq. (18) is rather more complex, because of the dependence on the Weissenberg number, and is not attempted here. We concentrate instead on obtaining two asymptotic solutions.
For such asymptotic solutions, it is convenient to normalise differently the axial convective term and for that purpose we introduce a non-dimensional temperature h as
where T T is the bulk temperature, so that the axial temperature gradient becomes:
One possible advantage of using h is that oh=ox ¼ 0 in fully developed thermal flow situations [13] . Hence, Eq. (22) reduces to
Introducing this result into the different non-dimensionalisation of the convective term of Eq. (13), and using again the starred quantities for the remaining normalisations, an alternative dimensionless energy equation is
where all quantities on the right-hand side depend only on r, except the derivative of the bulk temperature which is independent of the radius, by definition. The profile of the starred non-dimensional velocity of Eq. (7) is written as
and the starred shear stress is defined in Eq. (10).
One of the important quantities to be obtained is the heat transfer coefficient under the form of a Nusselt number. This solution functional will also be useful to verify convergence of the iterative procedure to be explained below. The heat transfer coefficient is defined with dimensional quantities at the wall in the usual way:
and the Nusselt number becomes
or, in dimensionless form
We explain now the mixed analytical/numerical procedure utilised to solve Eq. (24) which requires application of a successive approximation method following Kays and Crawford [17, p. 96] . It starts, as a first approximation, with the h profile for constant wall heat flux (given by Pinho and Oliveira [9, Eq. (32)]), which is substituted on the right-hand side of Eq. (24) together with the normalised profiles of velocity and shear stress. Since h, u Ã and s Ã xr are polynomials in r Ã , Eq. (24) is readily integrated for T Ã to obtain a corrected temperature profile for constant wall temperature. From this corrected T Ã profile, new bulk and h temperatures are calculated using their definitions and a new expression for the Nusselt number is also evaluated. This newly corrected h profile is then used to start the next iteration. The procedure is repeated in order to obtain systematically improved values of all quantities and of the Nusselt number which converges to a certain value. The procedure is stopped when the Nusselt number variation from successive approximations falls below a prescribed tolerance.
This method is applied to the solution of the developing thermal flow without viscous dissipation ðBr ¼ 0Þ with view to obtain an expression for the Nusselt number under fully developed conditions ðoh=ox ¼ 0Þ. This constitutes the first asymptotic solution in this paper, henceforth termed the ''fully developed thermal flow with negligible viscous dissipation''.
A second asymptotic case is obtained when d T T Ã =dx Ã vanishes in Eq. (24), whereby viscous dissipation is balanced by radial conduction only. The solution to this problem is easier and will also be given in the following section under the heading ''equilibrium viscous dissipation flow''.
Solutions and discussion of results for pipe flow
We give first the approximate solution for the problem of thermally fully developed flow without viscous dissipation (Eq. (24) with Br ¼ 0) and then we derive the exact solution for the problem of equilibrium between radial conduction and viscous dissipation (Eq. (24) with dT Ã =dx Ã ¼ 0Þ.
Fully developed thermal flow with negligible viscous dissipation
As mentioned above, the initial guess for h was taken as the solution to the problem with a constant wall heat flux obtained by Pinho and Oliveira [9] for negligible viscous dissipation ðBr ¼ 0Þ
The successive approximation method described in the previous section was applied until differences from consecutive iteration Nusselt numbers were less than 0.5%. This happened at the end of the third iteration which differed from the second by less than 0.3% as can be assessed by inspection of Fig. 1 . This figure plots 1 À Nu iþ1 =Nu i as a function of eWe 2 , where the subscripts designate the iteration number and Nu q is the initial Nusselt number corresponding to the condition of imposed wall heat flux, from [9] . It shows the quick convergence, with Nu 2 already within 2% of Nu 1 , and that there is basically a decrease of one order of magnitude in the relative difference between consecutive Nusselt numbers. For the Newtonian fluid ða ¼ 0Þ, the Nusselt number at the third iteration was well within 0.1% of the value quoted in the literature (3.658 in [17] or [16, 3. 
quoted in p. 79]).
Tracking of the solution by algebraic means up to the third iteration (where an accuracy below 0.1% is estimated) was a tedious operation leading to lengthy equations in terms of powers of r Ã . This will not be repeated here, and we shall content ourselves in giving the final ''simplified'' expressions for the temperature and Nusselt number and analysing their variation from plots. The correctness of the approximate solution was checked by verifying that the same result is obtained when the method is started from different initial conditions, as reported in an internal report [21] .
The normalised temperature profile is a long polynomial in r Ã and a given by
where the coefficients a i , c i and d i are presented in Table 1 and b ij in Table 2 . The Nusselt number was found to be given by
where the ratio of bulk velocities U =U N has been be eliminated by means of the following expression from [8] 
À7
The normalised temperature h, as defined by Eq. (21), is independent of axial location for thermally fully developed flow, as implied by the definition of this asymptotic condition. It can be obtained from a balance of energy at a cross-section, which shows that
hence from Eq. (28) we conclude that The Nusselt number varies between two asymptotes: at the limit of vanishing eWe 2 it gives the well-known Newtonian value of 3.658 and, as eWe 2 goes to infinity, it tends to 4.178. There is thus a maximum increase of 14% in relation to the Newtonian solution, represented in the figure as a horizontal line. It is very unlikely that flows attain such high values of eWe 2 and Fig. 2 (b) presents the same information in linear coordinates and in a limited range, eWe 2 2 ½0; 1. At eWe 2 ¼ 1 the Nusselt number is already equal to four, representing an increase of 9.4% from the Newtonian value. As with the Nusselt number for constant wall heal flux, represented in the figures in long dashes, the Nusselt number increases with eWe 2 due to the more pronounced shearthinning effect.
The variation of h with radius is given in Fig. 3 for various values of the parameter eWe 2 . The variation with eWe 2 is mild since both its numerator and denominator depend similarly on eWe 2 , a conclusion similar to that reached in the previous work for the case of imposed wall heat flux [9] . The practical use of the expressions for temperature (Eqs. (30) and (34)) is rather limited unless the variation of the bulk temperature with the axial coordinate is known. The successive approximation method used here cannot provide such gradient because it only gives the asymptotic radial variation. However, in the fully developed flow region, where Nu has reached its constant asymptotic value, it is possible to integrate the energy balance (Eq. (34)) yielding the following axial variation of bulk temperature
from which its axial gradient is obtained
If x Ã is the axial position relative to a reference location within the fully developed region, and T T I is the bulk temperature at that reference location, then Eqs. (35) and (36) give exact values for the bulk temperature and its gradient; otherwise, if there is no certainty that x Ã lies in the fully developed region, then T T I has to be estimated and relations (35) and (36) are only approximate.
Equilibrium viscous dissipation flow
We turn now to the second problem involving a balance between radial conduction and viscous dissipation under fully developed conditions. Substitution of the velocity profile (Eq. (25)) and the shear stress and shear rate profiles (Eqs. (10) and (11)) into Eq. (24) with
which is of straightforward integration. The first integration gives the temperature gradient at the wall needed to obtain the Nusselt number
where use was made of expression (32). A second integration and imposition of the wall temperature boundary condition gives the temperature distribution
and the dimensionless bulk temperature becomes
Finally, the Nusselt number is
which gives the correct Newtonian value Nu ¼ 48=5 for a ¼ 0 [16, p. 80] . The important conclusion here is that the Nusselt number does not depend on the Brinkman number. The definition of Nu in Eq. (28), involves the ratio of two quantities that in this limiting problem depend linearly on the Brinkman number and consequently Nu becomes independent of Br.
We know from the equivalent constant wall heat-flux problem [9] that viscous dissipation has a strong impact upon the heat transfer characteristics, and this is confirmed in the present case. For a Newtonian fluid the Nusselt number more than doubles, from 3.658 to 9.6, but this increase is accentuated for the viscoelastic fluid, as shown in the comparative plot of Fig. 4 . For eWe 2 ¼ 1 the normalised heat transfer coefficient with viscous dissipation is already three times higher than that for negligible dissipation, and this ratio increases to the limiting value of 3.28 as eWe 2 ! 1 ðNu ! 13:714 with dissipation, compared with Nu ! 4:178 without dissipation).
Radial temperature profiles for these situations are plotted in Fig. 5 . An increase in Brinkman number raises the temperature level linearly in the pipe section. Although the influence of viscous dissipation increases with flow elasticity, as seen in the Nusselt number plot of Fig. 4 , the difference between the local and the wall temperatures (recall that ÀT Ã / T À T w ) decreases with eWe 2 , because the flow becomes increasingly shear-thinning due to normal stress effects and consequently viscous dissipation becomes progressively more localised in the wall region and less pronounced in the core of the flow. Thus, since the heat is generated closer to the wall, it is evacuated easier without the need to heat the bulk of the flow. Note that the decrease in ÀT Ã with viscoelasticity induces a wider core of uniform temperature.
Results for channel flow
The solution of the two heat transfer problems for the channel flow case follows qualitatively that of the pipe flow, with some differences arising from the different forms of the energy equation and the velocity profile. The channel half-width is denoted H and the parameter a is now defined as:
following [8] . Results for the two cases previously addressed in the pipe geometry are presented next.
Fully developed thermal flow with negligible viscous dissipation
For the problem with negligible viscous dissipation, with both walls having the same temperature, the transverse distribution of temperature is given by Eq. (43):
After application of the successive approximation method, the Nusselt number is now found to be given by:
and the difference between the bulk and wall temperatures is
The parameters a i , c i and d i in Eqs. (43) and (44) are listed in Table 3 and b ij in Table 4 .
For a Newtonian fluid ða ¼ 0Þ the Nusselt number expression simplifies to 7.541, the correct value from the literature [16, p. 155]).
Equilibrium viscous dissipation flow
For the other fully developed problem, that of the equilibrium between transverse conduction and heat production by viscous dissipation, the analytical solution of the energy equation produces the temperature profile of Eq. (46) The difference between the bulk and wall temperatures is given by
and the Nusselt number is quantified by
The variation of the Nusselt number with eWe 2 and the temperature profiles across the channel have been checked to follow the same trends as those for the pipe flow cases discussed in Section 3.
Conclusions
The steady, laminar flow of the simplified PhanThien-Thanner model fluid, in pipes and channels, was investigated for the condition of an imposed constant wall temperature and under fully developed thermal and hydrodynamic conditions. The two possible cases were investigated and results were presented for the radial/ traverse profile of normalised temperature and for the Nusselt number as a function of the relevant non-dimensional Brinkman number and the product of e with the square of Weissenberg number.
The first fully developed solution pertained to the equilibrium between axial convection and radial conduction of thermal energy, with negligible viscous dissipation, and here it was observed that an increase in fluid elasticity (as measured by ffiffi e p We, to be more precise) raised the normalised heat transfer coefficient by at most 14% due to the increased level of shear-thinning behaviour.
For the second thermally fully developed problem, where there is equilibrium between radial conduction of energy and heat production by viscous effects, viscous dissipation is responsible for the increase in the Nusselt number which is more pronounced the more elastic the fluid is. Again, that was found to be associated with the more intense shear-thinning fluid behaviour: shearthinning is enhanced by increasing ffiffi e p We, which was seen to raise shear close to the wall while simultaneously decreasing them in the core of the flow. Since viscous dissipation is proportional to the shear rate, as shearthinning is enhanced the internal production of heat increases nearer to the wall where heat is evacuated, and decreases in the core of the duct, thus the thermal resistance decreases and the Nusselt number raises. 
